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By Bertram J. Eisenstadt

SUMMARY

The tumnel-induced veloclties for yawed and swept-back airfoils
in a closed circular wind tunnel were determined. The calculations
were performed for elemental horseshoe vortices having one tip of
the bound vortex on the tunnel axis for a range of yaw angles and
bound-vortex lengths. From these results the correction for com-
plete yawed and swept-back wings of arbitrary span loading may be
obtained by a superposition of solutions.

Charts and tebles of the induced velocity normsl te the plane
of the tunnel axis and bound vortex are presented. In addition,
formilas are given for obtaining the tumnel-induced veloclty normal
to any other plane containing the tunnel axis. These velocities
are needed for swept-back wings at high angles of attack, where the
tunnel axis and the two halves of the wing do not all lie in the
same plane. Curves are presented for converting the tumnel-induced
velocities into corrections to the geometric angle of attack of
the wing.

For the case of the unyawsd wing, comparlson of the present
results for the induced velocities along the tunnel axis with those
obtalned by Irmgard Lotz and by J. M. Burgers shows agreement with
Burgers' results. Since the method of Lotz was used in the present
study, it would appear that her computations were incorrect.

A proof of the validity of the method presented by Lotz is
given in the appendix.

INTRODUCTION

Wind-tunnel testing of yawed and swept airfoils has con-
siderably increased with the development of maneuvers involving
flight at large angles of sideslip and with the development of
interest in the use of swept wings for transonic, supersonic, and

im;'“w-



2 NACA TN No. 1265

tailless alrcraft. The corresponding junnel corrections have
been difficult to derive, inasmuch as fthe problem is not reducible,
a8 with a straight unyawed airfoil, to that of & two-dimensional
potentlal flow. Rectangular tunnels, however, may be treated by
the method of images, as was done in reference 1 in which correc-
tiong for 7- by 10-foot closed tumnels are given. The boundary
conditions for tunnels of circular crosg-section cannot be satls-
fled by the use of images alone. The purpose of the present
gstudy 1is to develop a method for treating this case of the closed
clrcular tunmnel and to evaluate the corrections for a range of
condltions.

The method used follows egsentially that of reference 2 in
which the tunnel-induced potential is broken up into two parts -
that of 'a reflection vortex system which mekes the tunnel &
streamline far from the airfoil, and a residual potentlal, whose
effect is zero at infinity. In order that the results be readilly
applicable to both yawed and swept airfolls, the bound vortex of
the elemental horseshoe vortex simulating the wing was assumed
to have one tip at the tunnel exis, so. that, for example, a
swept-back wing with fairly uniform loading would be represented
by two such swept~back vortices, and a yawed wing with wniform
loading by one swept-back and one swept-forwsrd vortex. Since
the bound vortices meet the tunnel axis, the results are applicable
only to wings with lifting lines that approximately fulfill +this
condition.

Computeations were made for s range of sweep angles between
-45° and 45°, and a range of spans up to 0.9 of the tunnel radilus,
go that results for arbitrary loadings may be found by superposition.
The induced velocities normal to the plane of the horseshoe vortex
were computed for a range of locations in this plane. In addition,
data are given by which the induced veloclty normel to eny plene
containing the tunnel axis may be computed. These velocitles are
shown to be of interest for highly swept wings at large anglos of
attack.

No attempt has been made to describe the methode for converting
the induced velocities to corrections to the measured aerodynamic
parameters, inasmuch as such methods are described in reference 1.
Methods for adjusting the resuwlts for compressibility effects have
also not been discussed, inasmuch ag the basic concepts and procedures
are now well known.

SIMBOLS

v apgle of yaw or sweepback of bound vortex

VY, eangle of yaw or sweepback of bound vortex in horizontal plane
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Q

length of bownd vortex

“tunnel radius

CYEN

rectengular coordinates (see fig. 1)
cylindrical coordinates (see fig. 1)
x/ro, ¥/*os 2/rq

r/r,

varlable of integration

potential of elomentel horseshoe vortex
tunnel induced potential

potential of reflection vortices
reeidual potential % - &1

circulation of" elemental horseshoe vortex

by d s
mﬁh Fourtier coefficient of - o <¢O + ¢l)
5@15: o ' : T dr r=r

r l z=0
30,
-a? { Z'-'—‘-O

Waq + Wy =3 —
1 e Z |z=0

engle of attack about fixed horizontal axis

‘engle between plane of airfoil and plane of horseshoe

Tortex

twioe angle between plane of horseshoe vortox ana
horizontal plane - -
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W - —
l¢ B ToP 0 9=1t+¢

f=w+{

Wy = V- + W, =-—£—a®
e 1¢ 2¢ T .0 kY

G+
CL 1i1ft coefficlent of wing
L 1ift of wing
S wing ares

ANALYSIS

The elemental horseshos vortex 1lg 1llustrated in figure 1.
It consists of a bowimd vortex of constant strength, of length &,
and sweepback angle VY, with one tip on the tunnel axls and two
trailing vortices running in the dowmstream direction from the
tips. The two .coordinate systems used herein (Ffig. 1) are related
as followa:

Y = r cog 8

Z =Y gin 6

and are dlsposed so that the x-axis coincides with the tumnel axls,
and the xy-plane 1ls the plane of the horseshoe vortex.

Let ®o(x, r, 8) be the potential of the elemental horseshoe
vortex. The velocity normal to the tunnel wall, r = r,, induced
by this vortex la .

Mg(x, r, 6)
or

r:-.ro
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The problem consists of finding & fwnction & {x, r, 6) vhich is
harmonic inside the cylinder r = ry and for which

(%o + &)

= =0 (1)

r=ro

The function @ 1s then the potential of the additional flow due
to the tunnel wells.

The particular external reflection vortex system chosen to
mrke the tunnel a streamline at infinity is shown in figure 1.
It consists of two semi-infinlite vortex lines, one in the direction
of positive x, and the other in the dlrection of positive Y,

2
Joined at the point (x, ¥y, z) = <O,‘ 'E—:%?‘\fr R 0>. The potentlal

of this vortex system is designated &-.

The residuval potential which makes the tunnel a streamline
everyvhere is designated @,. Then,
@ = Ql + @2

and by equation (1)

3% Moy + 1)

or rer R @

r=rq

This potential ®, is harmenic for r <r,, because it is

the difference of two harmonic functions; moreover, the derivative
of &, normal to the tumnel wall approaches zero as Ixl approaches
infinity The function is sought in the form of an infinite series
of harmonic functions of the type [X(x) R(r) o(9)]. If for a
bounded harmonic function of periocd 2n in 6, and of arbitrary
pericd 21 in x, such a representation exists, it must take the
Tollowing form (reference 3, chapter 1):
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»

o, =- %ZZ{[BM mQ(Amn cos == 4 By sin—-ﬂ?—x>
n n

+ cos m9<cmn cos __1%1___:: + Dy 8in %)]Jm i_?_m r)

where J, I8 the m®h order Bessel function of the first kind, and
the A's, B's, C's, and D's are constants to be debermined. Subsequently
t will be made to approach infinity.. .

It is convenient to introcduce the nondimensionsl veriables:

]

© (3)

The series for ®2 then becomes

® = -%ZZ Ein mB@mn cos -—’%—é+ an s_in -ﬁ%g)
m n
+ cos mG(Cmn ccs E%Z; + Dy 8in -’%‘%}Jm<l£n p)} () v
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Since

formal differentlation glives

o0,

3

n')lé)'

 —— l
dr T
r=rq o

|

Q/|

pp:l

-

r N N : s mE
=~E;‘I:c‘>%—é— {S'inms(AmnGOBT"'anSinT)

Nt

+ cos mf (Cmn cos E—;-é + D sin —i):—"’%] %—n J‘m'<iTm)j (5)

In order to satlsfy the houndary condition at the tunnel wall, by
equation (2) this serles must be made equal to

e
i

=T

This fvnctlon, which is the velocity normal to the tunnel wall
induced by the horseshoe and reflection vortices, is cbtained by
the Biot~-Savart law as



S lrer,
T g cos W 5in @ K & g cos
Mro 11 - 20 cosy cos 6 + aecoszip ﬁ?oeaoseﬁﬁ 1 - 20 cos y..cos 8 + oocos Y
¢ - osiny -I
Vfé -gain)2 +1 - 20 cosVy cos B + 02c0321;;J
-Eainelz_'_ g cos W cos 8 - 1
§2 + sin20 |/§',2c:2cosgp +1 - 20 cos¥ cos @ + oZcosy
- & cos Y gin 6 ; rE, sin + cosy cos
8in20 + E2cos™y - & ein 2V cos B + sin? 1 con®s I_ - /1 eg2
' ) i
: =
& sin + cosy com 6 - ¢ '1 (6) 2
|/(§-csin\[;)2+l—2cycosw'3036+c20052:¢ f %
YAS 4 _ | -
=]
H
R
v
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In order to satisfy the boundary conditions on o, 1t is

necessary to determine the constants Apn, By, Cpps Don 80 that
equation (2) 1s setisfied. The first stép is to expand the function

(&, + 27)

= " in a Fourler series in 9. Since this fimction is

I‘:ro i
an odd functicn of @, +the seriles contains only sins terms. Thus

3@y + B)
) Ar

=Y

S .
" o > &,(S) sin 28 (7)
Toom.

Bquating coefficlents in the expansions of eguations (5)
and (7) gives

(&) = Z (Am_cos +3B SiI_l _m@j_-_;_na-m '(!-.Tfrn
n

/
= E ™m . El¥im ¢ im)
0 ‘Gmn cos +im Bin%_i—'j T
n

B A

These series are the Fourier expanslons of the functions &(E)
and O, where these functions sre assumed to be of period 2
in &. Therefore

.t x .
Am = L % g,(B) cos —“—;3-@ ap

i+m Jm’ ifn .Y

A

an"iml(-_l ']"‘/
— J.. 'z A

TS

G = D = O-

g, (B) sin -’%9 ap
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Thus, from eguation (4)

ID

. - :
ZZsin 6 1i:§ (% gu(B) cos ZE (B ~ &) ap
nn

Conslder formally %ﬁﬁ» @2 The term Sl a4 1ls consldered
. o
a continuous varisble runnling Prom O to «; then = dg and EE
2 : n=0

is replaced by with respect to g, so that the aforementioned
0

>'ia

limit is

In(iap)

L 1 mé;f.m~~-ma 5y B - &) apb(8
= :E;:'s nm % T q ~ 8,(B) cos q(p - &) (8)

A discussion of the convergence of this series and its formal
derivatives to. the desired function and derivatives is given in the
appendix. » - : -

The upwash velocity due to the tunnel wall at points in the
Plane of the airfoil is given by

)
W="'?'l~ +.§_%
aZ z=0 aZ z=0
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The term
W, = _5'_@_3__[ - L ccos V_ |y, £g _cos \}L .
1 oz ’.’.:O hmro 11 - n cos ¥ V&%2e0sy + (1 - no cos )2

-1 1 - . :!.- - )0 CO8 III : (9)
- & l/é’,‘aecosaxb + (1 - 1 0 cos¥r)?
is the v'slocity due 'bo .the reflection vortices;, The term
9 _
Wy = é-?z— o is obtained by differentiating the series for 4'?2,

term by term. The series (a Fourler series in 8) is very sultably
arrenged for this differentiation mormal to the plane of the
vortex, since '

o%s ' 4 3%,

EZ Z=On--f‘-635_6—

Thne, defining 8, (n) = 1 when 7> 0 and &, (q) = (-1) when
1 <0 glves '

= —>- S u /‘ pa a .
Yo lmro 4 o O (T]) = Js —m—r{—”qum i3 QL[ gm(B) cos q(p §) an

(10)
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The total correction to 'bhe vertical velocity in the plane
of the alrfoil is then

Wa oWy bWy i (11)

METHOD OF COMPUTATTION

The determination of Wy 1is dependsnt upon an evaluation of
the functions gm(é) and performance of the operations Indicated
in equation(l10). TIn msking these calculations, it must be remembered
that the functions g,(&) and, thorefore, the final upwash
velocity dus to the timnel wall depends upon the parsmeters o
and Y; consequently, a different computation must be performed for
each coribinetion of these two parameters. The present computations
were performed for ¢ = 0.45 and 0.90 and for. ¥ = 0°, +15°, %30°,
and t45°. The functions gu(&) were calculated for these values
of ¢ and ¥ and for m= 1, 2, 3, ! Only the first three
functions gp(€) were used, eince gm(é.) for higher wvalues of n
weres found to be too small to affect the results. The calculation
of gu(€) required the expansion of

(% + Pq) =72, 0)

I‘=fpo

in a Fourler serles. For lg‘ > 10, thils calculation could be
done analytically by first expanding F(&,0) 1in a power series

in X, Texrms of order T and higher were lgnored. _In order to

to obtain gy(&) for ,5, <10, F{€,0) was computed for the desired

values of & and for 30° intervals of € and a mumerical Fourier
analysis was performed for each valuwe of &. The integral

f én(B) cos q(p - &) 4B

vas then evaluated by breaking gu(&) into two parts (fig. 2):
en(8) = en™(2) + gyti(2) (12)

L]

—— —y — = -
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For ng;_ 10, got(E) 1is taken equal to gy(&). For lé' < 10, gmi(g)
is defined by the three stralght lines intersectin_g the curve gm(g)

gt the points & = -10, -.339.; g = -%Q .J_-?:Q; and & = lQ 10. The
equations of these stalght lines are slso known ana.lytically The
function gy 1i(2) is then defined by equation (12).

Since gul(&) 1is thus kmown either as a linear function of g

or as an inverse powsr seriaes in -l the expression

/ gn (B) cos q(p - &) ap

mey be Integrated to give simple functions plus integrals of the
. lo<] )

form / Ei%.fl@_ df and / '_c_o_g__g_ﬁ d8. These latter integrels
0 0 '

are tebulated in reference 4. Each of the soparate loops of gmii(B)
was expsnded in a Fourier series by numerical methods, and the
integral

/ 31(8) cos q(B - &) @

was then obtained analytically. The integral

f gn(B) cos q(B - &) ap

was bthen flnally obtained in the form

2 sin qS1,(a) + 2 cos &k (q)
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The functions Zm(Q) and km(Q) have been given in table I
for values of q ruming from O to 2x in steps of 0.05x.. Integra-
tion with respect to q over this range was enough to emsure
essentlally complete convergence to thelr limiting values of all

Jm{lqp
the integrals involving ¢q. The functions ——2£~2—l—~ were

1pady'(1q)
obtained, for these same values of g eand various values of p,
by use of the tables of reference 4 and the relation between the
derivatives of Bessel functions and the functions themselves
(reference 5). Theme results are presented in table II. The
product .

In(ipg)

© Phaeg,(1d) [sin a&iy(a) + cos qgkm(Q)]

was deternined for various values of the positicn parameters p
and € and of the wing parameters o and V. The final integra-
tion with respect to g was performed numerically by use of
Weddle's formula (reference 6).

The functions

m [ JIn(ipq)

X o EPCEIIET)) dq d/F” &n(B) cos g(B - &) dp
m . -

o]

obtalned as described are presented in table III. The velocity
correction wp 1is then obtained by summing these functlons as
indicatod in equation (10); the velocity correction wy is
computod by use of equation (9), and the total tunnel induced
veloclty w 1is thus obtained.

An additional compubation wasg performed to find the tunnol-
wall corrections for the limiting case of a wing with zero span
but with finite 1ift. The functions gy(&) simplified so that
the integral with respect to B reduced to an expression involving
simple functions and the tebulated Bessel functions, Kb and. Kﬁ
(reference 3). The second integration was then performed in the
ggme way.

’
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RESULTS AND DISCUSSION

The velocities B nomal to the xy-plane have been

converted to .the nondimensional form 1_% This functlon

is presented for different values of the position and wing
parameters in figures 3 to 7 and table IV. The values glven

for o =0.25 and ¢ = 0.7 were obtained by a numerical
interpolation. The reciprocals of the upwash velocitles were
used in this interpolation, since 1/w tends to vary linesrly with
g, as is shown by the squation

l{-r:rgw ] = 1
I'c cos ¥ 1 - q0.

for the upwash velocity at an unyswed wing (reference T).

The variation alons the tunnel axis of the induced velocity
w has been computed by Lotz (reference 2) and Burgers (refer-
ence 8)1 for the special case of a wing at zero angle of yaw.
These values are not in ccmplete agreement wlth each other. The
results obtained herein for this case, by methods essentially
slmilar to those of Lotz, check ths resulis cobtained by Burgers
(fig. 8). In referonce 2, moreover, Lotz has stated that the
Induvced velocity obtained. by the calculations of Burgers (refer-
ence &) does not have a maximum. An extension of these calcwlations
showed, however, that o meximum is obtalned. It must accordingly
be concluded thet Lotz is in error both as to resulis and accusation.
Burgers' method was not used in the present work because it :
sppeared from preliminary study to be very unwleldy. Closer
ingpection, however, has since indicated that the computations
involved would probably have been less lsborlous then those needed
with the method of TLobz.’ .

Wings at High Angles of Attack
In general, a yawed wing in a wind tunnel is rotated about

its q_uarter-uhord line and this angle of rotation o is the angle
of attack of the wing. In correcting for the tumnel-induced

1 A1 though reference 8 is published wnder the joint authorship
‘of von Ksymdn end Burgers, the preface states that the chapter
cited herein was contributed by Burgers.
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velocity, it ig assumed that only the veloclity normal to the plane v
of the l1lifting line end free-stream direction, the xy-plane, has

eny effect on the 1ift. The correction ig made to the angle of

attack and is given by : )

A&atanb&'-———l-—- (13)
V cos ¥
where w 13 the tunnel-induced velocity normal. to the xy-plane
end V cos ¢ 18 the component of the free-stream velocity normal
to the axis of rotation. It 1ls this velocityL W which is ~

tabulated herein in terms of the parameter . Then,

To COS\y

J— hargw To
o cos Y/ bnroV

or, by using the relation.betwsen circulation and 1ift coefficient
(if the wing can be assumed to be adequately represented by a
single 1ifting line of uniform circulation)

Cr, = %g (201, cos Y

the correction may bs rewrltten as

N
r zeif‘ro“’ it S

g cos V¥ lGﬂrochS \

Special consideration must be glven to the case of swept-back
wings. For this cese, the wing is rotated about a fixed horlzontal
axis normel to the tunnel axls, the yo-axis. Ag this.angle of
rotation « varies, the angle of yaw Y (deflned as the angle
between the 1ifting line and the piane perpendicular to the free-
stream direction) and the angle ¢/2 betwoen the xy-plane and the
xy,~plane vary sleo (fig. 9. The xy-plane is still the plane of
the x-axis and the lifting line.) The dependence takes the form

cos Y = cos Y, A tanewb sinfa,

cos Vg (15) )

i cos & .

2
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whaere \!lo is the angle of yaw at zero angle of attack. This
variation of the yaw angle must be taken into account In using
the charts eand tables of this report.

The desired corrsctlon to o 1is still the one associated
with the change in 1lift and therefore depends again only on the
veloclty w mnormel to the xy-plane. A change in the angle «,
however, involves a chenge in the verticel veloclty normal to
the xy,-plane.” In order to obtain the same 11ft, the correction
to the angle a must be ~uch that the additional vertical
velocity assoclated with 1t must have the component w normal

to the xy-plane. This veloclty is _w_@ end thus

cos
2

M= tan Ao = W

Vcosg—

Lhrrow T‘\ o cos "{j
To cos v LatroV cos

The circuletion a‘bou‘b sach semispen of the swept-back wing
results in a force normel to the xy-plane. The lift Porce measured
in the tunnel, however, is the vertical component of this force
and, therefore, the equatlon commecting the 1lift and circulation is

(16)

L = oV (Eo'ro cos \1!)
cos Z

The angle correctlon then becomes

rn = llrtrowxy) SCy, 56029;’ 1 (17)

\T'c cos 16mr,2 e

The drag correction does not involve ¢ dlrectly and 1s merely
wio cos V.

Plots of V¥, ¢, and s'ecag egainst |, end a are given
in figures 10, 11, and 12.



For swept-back wings at an angle of attack «, +there 18 an additional difficulty.
For these wings the tunnel axls and the two quarter-chord lines of the wing do not lie in
one plans. The correction to & on each helf of +he wing 1s still obtained from the
induced velocity normal to the pleme of the tunnel axis and the quarber-chord line. The
velocity normel to the plane of 1ts own quarter-chord line induced by a half wing is

exactly the velocity w vwhich hes been found (equation .LL) Tha veloclty induced by
this same half wing normal to the plene of the tummel axls and the other quarter-chord

line, however, 1s mot —?}3 %i but is
Q B=mt
as 2 00
= Yop Bl
IU=H.T?
__ _ - BQ[ ‘ )
The function 1-r1¢ m- F&E Egﬁl iz .given by
G=1t
— P o QQB‘!'P o] d - pF ona ‘} r Er nnaale ' —I
ng = ).Hn- LA . h - _‘" 24 14+ = Llilchalodlh . .
s} - -
_E:OS ¥ - po cos \I‘_I sin"g Vg 2(;05%& + Fme g - po coe IHE + Bin2¢
'k.. == = -l
' i
- co8. 1 - o cosY cos ¢ ’IL
1 -
§2 + plelrly f (18)

H?L Vg 23032\{r+ [cos ¢ ~ pucos\l!]2+sin2¢_”

gt

92T *OoN NI VOVN




The functlon
]
o1 B@g -
T o0
r p i 2

- —l‘—:—- - . J (i ) -
e Zﬂ:( 1)Meos ngf 2 . ;ﬁ“—% dg [: &n(B) cos a(B - &) ap|  (19)

The required velocity correction 1s then

w¢=w1¢+w2¢

Tt wea considered neither Peasidle nor desirsble to compute and tabulate the fwmetion wqg
for a rengs of values of ¢ Por any particilar case desired w may be computed by

equation (18), and w2¢ may be computed pimply by wsing teble TII and equation {19).

GgeT ‘oM NI VOVN

61
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For velues of @ of about 30° or less, w¢@3,p) ig, to a
good approximation, cce @ w(&,-p cos @) and therefore can bte
obtalned readily from figure 3 or tablé IV. This approximation
i moet accurate for amall valuwes of ¢ vhere w¢' is compearatlvely
large, and 18 least accurate for large values of "p vheve wz 1is
a very small part of the total correction. For this reason, the
approximation may be considered adequate over the entire range of
valuss of p.

The preceding discussion concerns only one of tha 4ifficulties
asgocinted with calewlations for high angles of attack. At
least two other sources of comperable Ilnaccuracy may be pointed
out, although no effort has been made here to evaluate thelr
effecte: (1) the pronounced distortion of the trailing vortcx
gystem at high sngles of attack, and (2) the fact that the csuter
of a swept~-back wing masy not be on the tunnel axis at high
angles of attack, because the axis of rotation of tne wing 1s
usuelly behind the wing roots.

Langley Memovial Aeronautical Laboratory.
National Advisory Committee for Aesronautics
Lengley Field, Va., October 9, 19u6
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APPTNDIX
PROOY OF VALIDITY OF METHOD

In this appendix the formal expression of gd_ua-bion (8} for

the tunnel-induced potential will be called @2‘1 . The derivatives
obtained by the formal differentiation of thils expression willl be

called the derivatives of @2(1) and wlll be written as ordinary
derivatives. The harmonic function which satisfies equation (2)
will be called @9». :

1
It 15 necessary to prove that 432(1) =% and V‘i‘e( ) nwz.
The proof will conslst of the proofs" of the following statementa:

(2)(1) The function @2(1) converges to an harmonic function
QE for p<£1 and V& . converges to V@a(a) for p < R < 1.

(2) .
um 9% By

Tor, 3.  Or

(2)

r=ro

Then by the uvnigqueness theorem for harmonic functions (rofer-
encs 9), it follows that QE( 1) = Qo. This theorem and the others

used herelin, which sre dsrived in reference 9 for bowrdsd reglons,
are immedlately extensible to the infinite region of the present
problen for fumctions which approach zero as & approaches infinity.

In order to prove the Tirst statement, 1t 1s sufficlent to show
that the infinitc integrals snd the infinite series sppearing in P,(1)
converge uniformly with respect to &, p, 6 (Harnack's first
theorsm on convergence, reference S).

The convergence of the Infinite integrals depends upon the
characteristice of the functions gu(€). The characteristics
used in the following discussion, which are easlly verified by
cxpension of F(E,0) in a Foprier serlss are:

(a) The functions gp(&) are bounded and continuous for all
values of & and approach zero &g ]z_s,[ apprcactes infinity

(b The derivatives dg (2)/3d%. exist and are 1 t - .
from minus infinity to plus Ifnfi!zify. absolutely integrable

(e) As g, g,(8) + gy(-8) = 0(1/22)
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An Integretlion by paris gives

(<]

Q

- CO

fm £.(8) cos a(p - &) ap = EB) 910 afB '§)1

-1 fm g, (B) sin a(p - &) ap

It follows from properties (a) and (b) that the integral convergss
for q > 0. From property (c) it follows that the principal valus
of the integral converges for q = 0. Since Tz?g}%%‘ is
bounded for all values of ¢, the function n

I (ipa) fo -
m) L[m &p(B) cos a(p - &) dﬁ__

has no singularities and the convergence of the Integral

-

® Tl ? N
[ [ e e a0 -2 8]

with respect to q need only be conaidered in the infinite region
of gq. Since for pg 1 (reforence 4),

Ip(ipg)

1Ty, ' (1q) £

—
=

it is sufficient to prove that

f fmem(ﬁ) cos q(B - &) a (&
K - ) a
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converges in ordef to frove that the otiginel integral converges
mniformly in &, p, 6 in the region p $1. From the integration
by parts and propertiss (a) and (b) it follows that

f;
dg

o o .
which converges. Therefore J‘ I f EnlB) cos q(B - &) 4B T converges «
K -m

® d d
Im%(ﬂ) cos (B - &) dp —q%gc : 5.%

In order to complete the proof of the first statement, the  _
infinite series of infinite integrals must also be shown to converge
uniformly in &, p, 8 for p< 1. -

Ir

o0 loe]
, p, 0) s Blnm _J’EQ'f_q;)__dqf B) cos q(p - %) ap
(g, o © Jo T (i) o &n(
i ,

can be showvn to be less in absolute valus then K/m® where X
1s an arbitrary constant, the proof will be complete, for then

iZ G.(E, 0, ) é;ZM ¢, (S, o, 0) S K ;’; 1%5< €

for M seufficiently largs. The functions g,(&) ars the Fourler
bsr
coefficlents of a function - —-I-r~9 ¥&, 6) which has continuous

first and second derivatives. Therefore SJ:;eferenc-e 10, p. 84},
there exists & sequence of functions, ¢ g), wmiformily bounded

in m, euch that

m2gn(E) = op(E)

-



The integrals

2 pe
% sin me ——f—?%—’-)- dq J_u_’ e, (B) cos q(p - &) &8 = w2, (E, 0,6)

are therefore uniformly bouded In m. Thus

mend Al

-.-nm-ﬂ L= TP -
QALLL WD LU Y kR

o}
The procof of the second statement proceeds as follows:

20.(®  p ) | | 1
rl-frc', Qgr © B, pl—iﬁlgﬁ LZsmmel/niq}‘( o) 4 _m_Em(ﬁ) cos q(f - 5) 4B

|

is

now |
In the proof of the flrst etatement 1t was shown that |g J " an(B) cos g(B - &) ap
T , ,

bounded. A second integration by parts shows that, eince gmii(ﬂ)- is bounded end gbsolutely

integrable from ~ot0 +w lqaf Sm(B) cos g(8 - &) 48| im boundsd. Thue ths inbegrand
obteined by diffemn‘tia.ting under the inte gra.l alg:n ie such thst the .Lntegral

3T P vl P ] e B . L X W L A TN - Pu e T - |
WiilL L J.J-I.LL‘, J.UJ. p e Ly anda WIS U.AJ.LUJ.‘U‘IJ.DJ.EI-LI-LU.I..I- .Lu CUCLOLILALTY Va.LlLU.

series also otnverges uniformly, it followe that

conve.ges
Sinoe the infinite

(=]

¢92T *ON NI VOYN
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N BQ2<2) p o) - @
Im -
Fed 1y 3 = -lm:ro > sin wh %L dq‘/:wgm(ﬂ) cos g{p -£) 48

From the remark following theorem 7, reference 11, 1t follows that

(2)
Mm B2 T Yainmegm(é)

r~>»¥o 3Jr - barg

Somama—

and sgince the Fourler expansion of a function vwhich is continuous
and has continuous first derivetives converges to the gencrating
function, :

-

{2)
1m e 0%

=
Ty Ty Ar or —r
T=Xp

The second statement has thus been proved and the validity of the
operatlons performed in tho enalysis has been esteblished.



\O
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TABLE I.- VALUES OF THE FUNCTIONS 1p(q) amd X,(q) FGR
VARIOUS VATUES OF o, ¥, Q
[Zm(‘b g, \P) L4 lm(Q.: ) '1/)5 km(q: g, 1) - 'km(q’ g, '\lf)]
o= 0-”—5, 1F- ')4‘50 C= O-hs, \P’--30°
a/x |13(a) {is(e) [ta(@) |ka(a) [23(Q) [k5(a) |3(Q) [Ey(a) [2a(@) {ko(a) |2s(a) |ksla)
-
0 IR 7 (o) (RPN NNV JRPIPRRY PR PSUIe SRS FOPRI PRI P PR "
.05]1..1663 |0.0509 [0.156k |0 .0208] ~0 .0283 -0 .0093|1.2716|0.0446(0.1819]0.0219| -0.0350|~0 .0107
0| .9013] .0523| .1683( .0211] -.03%7| -.0079{1.0151| .ou52| .2034| .0209] -.0uk3| -.
15| 6006} .0522| .1198| .0224| -.0259| -.0071| .6834| .0k62] .1500] .0202| -.0350 -.0092
.20| .3900| .0518| .078%| .023k| -.0180| -.007h| .Mh473| .0L68| .1038] .0189| ~-.0302| -.010k
.25} .3219| .0516| .oThO| .0226| -.0191| -.007B| .384%3} .ok61l .1018| .o170| -.0302| -.0107
.30[ .3343| .0509| .0845| .0217| -.0228| -.0074{ .3990| .oLkl| .1165} .0152| -.0356| -..0097
35| .3026] .0Lkg2| .0816] .0210| -.0219| -.0071| .3654} .ok2k .1133 .01k2} -.0347| -.0088
Aol .2233) .ok70} .0686] .0207| -.0185| ~.00TL| .2931| .0408| . 01k2] -.030%| -.008
A5 .1977| ObSL| .0612| .0200| ~.0166] -.0075{ .2bh5| .ohkol| .0875| .0151) -.0285| -.0092
50| .1822| .okk1| .0585| .0182| -.0166] -.007h| .2265| .0386| .0842] .0163) -.0283| -.0090
551 1607} .ok18| .048 orr7| -.0153| -.0069} .1997| .0362| .o7hL| .ol7hk{ -.026Lk| -.0083
.60] .12u7! .0389) .03 0172| -.0121| -.0065] .155T7| .0336] .059%| .0188| -.0219| -.0079
.65( .0978| .0358| .0314| .o170| -.0107| -.006k| .123%| .0315| .0ko6| .0200] -.0189! -.c081
.70 .0879| .0333| .0291| .0159| -.0096| -.0061| .1121| .0297] .0463| .020%| -.0180{ ~-.0079
75 .o71Th| L0311 .0257| .0146| -.0089| -.0057] .0993| .o277| .oklk| .0197} -.0168| -.007k
8ol .0621| .0289| .0203| .0139} -.0072] -.0053) .0BoL| .0257| .o3ho| .0182| -.01kk| -.0069
.85| .0505| .06k .0173] .0132| -.0059| -.0050( .0654| .02ho| .o29hk| .0164] -.0125] -.0067
90| .okf8| .o2k5| .o17h| .0125| -.0057| -.0049| .0632| .0230| .0292| .olko| -.0119)| -.0065
.95] .0u66] .0225| .016k| .0112) -.0056] -.00b5| .0593| .021h4| .0273| 011k -.0113 - ,0060
1.00] .0377| .0208| .013k| .0lo02| -.00h7| -.00kL| .ok93}| .0197| .0228| .0091| -.0099]{ -.005k
1.05| .029k| .0o192| .o112} .0096] -.0038] -.0039| .03¢1| .0181} .0l92| .0075]| -.0085| -.0051
1.10| .0270| .0175| .0108| .0088| -.0034| -.0036| .0362{ .0168| .018:| .0068| -.0078| -.00L9
1.15| .o2k2| .0162} .c097| .0075| -.0030| -.0033] .0330| .0152| .016L4| .coT0] -.0072| -.0045
1.20} .0175| .015%| .0072| .0066} -.0027] -.0029| .02hk9| .OLE2 01261 0078} -.0060| -.0040
1.25] .0115| .o1ke| .0052{ .0060| -.0021| -.0026| .o17h| .0128] .0098| .00%0{ ~.00kg! ~-.0035
1.30] .0108| .o130] .00k8| .0055| -.0020| -.oo2k] .016%| .0117| .0096| .0105| -.00k7| -.0032
1.35| .o113| .0118] -.o0k7| .004B| -.0021| -.0022| .0167| .0109| .0090| .011€| -.00kk| -.0031
1.50f .0085| .0108{ .0036| .ook2| -.0017| -.0020| .o13%:| .0101} .0OTM| .012L4| -.0036§ -.0029
1.45] .0121] .0098| .0028| .0038| -.0014| -.0018| .o1l0} .c0og0| .0063| .012h4) ~.0033] - 0026
1.50| .0067| .0086| .0034| .0036] -.0014] -.o01l7; .oma6| .0082| .coTL} .0117| -.0031| -.0025
1.55] .0085| .0o79! .0037) .0031| -.0013} -.0015| .0139| .0OTh| .0OTT{ -0103| -.0031} -.0023
1.60] .0075! .0068| .0030| .0029] -.0013| -.0015] .0120| . .0065( .0085! -.0026| -.0023
1.65] .0045| .00s8| .0023| .0027| -.0011| -.001kj .0087| .0057| .0053] .0063| -.0023} -.0022
1.70} .ooko| .00k8| .0020]| .0027| -.0011| -.00Lk .oog .00:8] .0050| .0048| -.0023| -.0022
1.75) .00k5| .00ko| .0021) .0026) -.0011| -.0013§ . o00k1| .0050| .003T7] -.0021| -.0021
1.8} .co29! .0032] .c015| .0023| -.0009| -.0012| .0068| .0034| .oOL1| .0033| - .0018{ -.0021
1.85| .0005| .0024| .0008| .0022| -.0006| -.0012} .0039| .0028| .0030| .0037) -.0015} -.0020
1.90] .0002| .0017| .0008] .0022{ -.0006| -.0011} .0033| .0023| .0027| .00k3; -.001hk} -.0019
1.95| .0012{ .0011| .0011| .0021| -.0006| -.0010| .00L5| .0018| .0031| .0063| -.001k| -.0019
2.00 o | .oook| .0011| .co21| -.0003| -.0009] .oOBk| .0013| .0030| .00f0| -.0012| ~.0017

NATTONAL ADVISORY

COMMITTEE FOR AERONAUTICS
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TABLE I.- VALUES OF THE FUNCTIONS In(q) AND Ik(q) - Continued

o= 0.90, = -i5° o= 0.90, Y= -30°

afx [ta(a) |ka(a) |2o(e) [kola) | 23(a) | k3(a) [21(a) [ky(a) [va{a) {ko(a) | P3(a) | kslq)
o |o 0.158%{0 0.1722| 0 ~0.1139/0 0.1319|0 0.1597| O -0.1214
.05{1.52h9l 1861 .2266| .17L7} -.0205| -.1134|1.5956| .1573| .2ub7| .1578} -.0273( -.1239
J10[1.2838 .18k .2672f .169h| -.0384| -.1128]1.3801| .1622] .2995| .1598| -.0Loo{ -.1232
5] .8786 .1978( 2017l 167k | -.0520| ~.1119| .9550( .1707{ .2365| .1609] -.066k| -.1232
20| .5770] .2075| .1W8L} .1557) -.0561| -.1106] .6373) .1791| .1845| .1611| -.oTh1| -.1226
25! .5059 eogs .1563) 1644 | -.0512| -.1088| .5662{ .1793| .1982] .1594| -.0682| -.121%
.30 .33721 .l999| .1813] .1608| -.0500] -.1067} .608k} .1718] .2300} .1567{ -.0736] -.120
.35 .bg 1988 .1173] .1559] -.0502] -.10h1} 5680} .1620| .2253| .1543| -.0759f - .11

bo| k038 1837 .ilkak| L1510} -.0500| -.2009| .B6hs5! .1561) .1963] .1516) -.0776| -.1163
A5 .3394 1821l L1243 k71| -.0b5h| -.0980( .3954] .15hk2] .1802| .1lh93] -.07E6| ~.1143
50f .3125] .1760f .1192{ .14101{ -.0385) -.o9kk| .3676| .1kg9| .1760| .1hhkg| -.0688{ -.1117
55| .2688( .1650{ .2037| .1336| -.0331( -.0906]| .3210} .1k2h| .1605{ .1395| -.0643| -.1086
60| .2033] .1541) .o782| .126hk| -.0279] -.0865) .2487 .13%0| .133%4( .1341{ -.0597| -.105
65 .1566] .1uh6| .0600| .1193| -.0223] -.0823{ .1966| .1266| .1132] .1290] ~.0543] -.lo1
70| 13881 .1350( .0524| .1115| -.0159) ~-.0778| .1766| .1197| .1035| .1233] -.0478| -.097
75| .1166) .1251| .ok29) .1032| -.010T7| -.0733| .15k0{ .1124{ .09l7| .1168{ -.0k20| -.093
.80} .0862| .1163] .0293] .09501] -.0070| -.0687| .1232] .10%3]| .0753] .1099| -.0375{ -.0897
85| .0652] .1090} .0202| .0872| -.003%} ~-.0641] .1002| .0978| .0637} .1036| -.032%| ~.08%k
.90] .0622! 1025 .0173{ .0796{ .000T} -.0595| .0948} .0899] .05 L0976 | -.0269{ -.0811
.95] .0560| .0954| .0130{ .0723|{ .0039{ -.0550| .0854]| .0865| .0522| .091k| -.0221| -.0768
1.00] .0383] .0886| .o05L1| .0654| .006L| -.0503]| .0676| .0802{ .ok1s| .0851] -.0180( -.0T24
1.05] .0230] .081%1-.0006] .0589| -.0084} -.o462] .0539f .o7h9| .0332] .0792] -.01k3| -~.0682
1.10| .0101| .0732]|-.002k] .0526| .0109] -.0k20| .0kos5| .0670| .020L! .OT34| -.0L10{ -.0639
1.15) .01kl .0633]-.0052] .ok7l{ .0122| ~-.0379| .Ok21| .0618{ .0238} .06B80{ -.007h| -.0597
1.20|-.0015] .0529|-.0105| .oklg| .0135| ~.0340| .0266| .0566| .0163{ .0627| -.005hk| -.0557
1.25{-.0139{ .ohiki-.o1ke| .0368]| .01u5]| ~.03%02| .0145| .0521.] .0100| .0577| -.0031] -.051T
1.30|-.0161] .0287|-.01k0| .0320] .015G6| -.0267} .0126| .ok73| .0073] .0328] -.00C8| ~.0480
1.35{-.0158{ .0157|-.0135| .0275{ .0163| -.0234| .0113] .ok23| .0052{ .OMEL{ .00L3| ~-.OWk
1.ko}~.0210f .0033{-.0153]| .0236| .0161} ~.0203| .00kL} .0382| .001r{ .0M38} .o027| -.0kO
1.45]-.0248}-.0073[-.0160] .0201| .0159| -.017h|-.0007{ .0346]-.0001{ .0391} .ook2| -.0376
1.50] -.0206]-.0159|-.001k1| .0167{ .0161} -.0148| .0031] .0317|-.0013] .0362] .0063| -.03h45
1.55{-.0152]-.0217{-.0120} .0137| .0161| -.022%] .0070| .0200{-.0012| .0328] .008L{ -.0715
1.60|-.0161]-.0239|-.0126| .0111| .0153{ -.0102{ .0029( .0266]-.0035| .02961 .0090| -.0287
1.65{ ~.0190|-.0223|-.013%| .0091| .o142} -.0082|-.0025| .0247|-.0056] .ca67] .0092| -.0261
1.70{-.0177{-.0182{-.0128} .0o7%| .o137] -.006k{-.0028] .0225|~.0061] .02h2{ .009L4| -.0236
1.75) -.0136]-.0128(-.0125| .0060] .0L3L1[ -.004T|-.00Lk} .0207]-.0062] .0221| .009%4| -.0212
1.80]-.0136]-.0066|-.0119| .oo48] .0123{ -.0032|-.0040| .0191]|-.0077{ .0201] .0088| -.0190
1.85|-.0153]-.0001]-.0221{ .0039| .0112{ -.0019{-.0083] .0178{-.0092| .01™5} .00€0| -.0L69
1.90| -.0129{ .0057}-.0109{ .0031| .0105] -.0007]-.0080] .0060]-.0092| .0170| .0073{ -.0150
1.95/-.0073] .0097]-.0091} .0023| .0100| .0cOk|-.00LS| .0ol4k|-.0c0f2| .01%0| .0073| -.013%
2.00|-.0037| .0116{-.0079| .0015| .009%]| .0013]|-.0035{ .0132}{-.0080{ .0L36] .00T3| -.0116

R NATIONAL ADVISORY
COMMITTEE FOR AFRONAUTICS
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TABLE I.- VALUES OF THE FUNCTIONS 15(q) AND k;(q) - Continued
o = 0.45, ¢= -15° o= 0.45, yr=0°
o/ |2(e) Jka(a) {1a(a) jka(a) | 23(a) | X3(a) [23(a) {kg(a) [1a(@) fkz(a) | Pg(a) | iy(a)
o 1.5708] -~=wue [smacac fommaaafmacaea f remeaaa 1.5708 0 |=m=e=- (o Y fppa—— 0
.05|1.3232]0.0243 {0.1894 |0.0130{-0.0393|-0.0084 |1.3563 0 |0.1956 0 | -0.0ko2 0
JA0{1.0722( .0248( 2176 .0118{ -.04 -.0073{1.1086| o© .2261 0 -.0526 o)
151 .7268] .0283] . 0126 -.04og| -.0068) .7h79 0 1728 0 -.0432 o]
20| .bk790} .0313| .1191| .0145) -.034k| -.0081) .4L888 o] 1256 0 -.0366 0
25| 4161} .0313] .1206] .0148} -.0386| -.0086} k275 o) 1256 0 - .0h2k 0
.30) .k350) .0286| .1371) .0140{ -.0Lk9| -.0074] 14515 0 .1k38 0 -.0501 o]
.35 .b003{ .0258] .1345] .0133] -.0kkS| -.0063| .lkikg 0 .1h2h 0 - .0kg0 o}
Jo| .3228] .o2u3) .1180} .0135) ~-.0LOk] -.0063] .3327 W] LAL2k 0 -.0438 o]
b5 .271e] 0231 .108%| .0137| -.0385] -.0068] .2816 o .1157 o -.0k21 0
.50| .2523| .0206| .1048| .0133| -.0384] -.006Lk| .2665 0 1123 0 -.Olk7 o]
55| .2233| 0181} .0939] .0122} -.0361L} -.0055 .2383 o 21017 o} -.0k02 0
60| 1751 L0367 .OTTH} .011T7| -.0312] -.0051) .1833 0 0851 0 - 0345 0
65| .1395] .0161§ .0668| .0119| -.0280] ~-.0053] .1hkL o 0736 (V] -.0311| o
.70] .1266] .0152) .0623] .0118] -.0268| -.0053] .1322 0 .06 0 -.0305 0
g J126] 01391 .056%) .0118] -.0248] -.00UB| .1196 0 0620 o} -.0291 o]
. .0018| .0133] .ok78| .0108] -.0219] ~.0045] .09TH o] L0524 0 -.0260 0
851 .07158] 0133 .oke6| .0105| -.0198]| -.00k2| .0T99 0 .0l60 0 -.0233 o]
.90} .o734| .013%| .ob13{ .0102| -.0188] -.00u5) .OTTS o] .0lt3g o] -.022k o]
951 .ot0k| .0127] .03 0096 | -.01781 -.004k| .0738 0 .0ko8 0 -.0214 0
1.00{ .0588| .0120| .0333] .0051| -.0159| -.o00ko| .0602 0 .0353 0 -.0191 0
1.05] .0u83| .0116| 0290} .0088| -.01k1] -.0039] .ok8k 0 .0307 0 -.0166 (o}
1.10} .ob53] o111} .o0272| .00BL| -.0130] -.0038] .0ok70 (o4 0289 0 -.0152 o}
1.15] .okig} .0r01| .02k .007T{ -.0119| -.0037| .Ohkl o} .0262 o} -.014%0 0
1.20] .0330] .0091| .0196} .0072| -.0103] -.0035| .0326 o) .0218 0 -.0122 0
1.25] .02k6] .0084] .0159| .0069] ~.0089) ~.0032| .021kj o© 0183 o© -.0102! o©
1.30f .0230| .c076! .01%2| .0065| -.008L| ~.0030] .0206 o 0173 0 -.0092 o}
1.35 .0233 .0135{ .0062| ~.0075| ~.0026] .02kl 0 0163 o} -.008 o}
1.hbol .0195{ .0056| .0108| .005T7| ~.0066| ~.0026| .0222 0 .013h 0 -.0078 | 0
1.45] .0146| .00k9| .0090| .0054) ~.0056| -.0023| .0182 0 L0117 o] - .0064 o}
1.50] .0171| .ook&| .oo91i} .0050| -.0052| -.0021| .0197 0 0116 o} -~.0059 o}
1.55f .0193] .00LL| .009k| .0046| ~-.00k9| -.0019| .0232 0 011k o] ~.0055 0
1.60] .oi172{ .0038| .0076| .cOkl| -.00kL| -.001T{ .0213 o} 0093 o} - 0046 o]
1.65| .0133] .0035| .0058] .0036} -.0034| -.0016} .0L65 0 . (o} - .0037 0
1.70] .0120| .0026] .0052] .0032] -.0029} -.001k| .01h6 0 L0051k 0 -.0030 0
1.75f .o12k]| .0032| .oo48| .0028] -.o027} -.001k] .0155 o} .0048| o -.0028 o}
1.80] .0105| .0025] .0037} .002h} -.0022] -.0014] .0133 0 .0033 o} -.0021 0
1.85] .0068| .0020| .oo24] .c020} -.0016) -.0014] .00&9 0 .0018 0 - .001h 0
1.90| .0065| .oo17| .0019] .0016] -.0015| -.0013} .0076 o] L0015 o} -.0012 0
1.95| .cot7| .0011] .0023| .0013] -.001%| -.00Lk| .0090 (o} .0022 0 -.0012 o]
2.00] .0077| .0003] .0019| .0010] -.0012| -.0013} .00& o} .0025 0 -.0010 0
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TABLE I.- VALUES OF THE FUNCTIONS I,(q) AND ky(q) - Coneluded

o = 0.90, ¥= -15° 0 = 0.90, ¥=0°
1,(0) [Ia(a) |1(a) [ky(a) | 15(e) | k(a) [Ta(a) [ky(a) | 2a(a) {ko(a) [ 23(a) |lks(a)
0 0.0683[0 0.08671{ 0 -0.0691{0 0o 0 0 0
.05(1.6383| .0878] .2574 .0883| -.0317( -.075L|L.6663 0 2672 o] -.0L460 o]
10(1.4343] 0863 .3161| .0915} -.0486 | -.0736|L.4620 0 .3286 o} - &1 o}
A5(1.0071| .0927| .2575] .0905] -.0799.] -.0728]1.018 0 .2686 0 -0 0
6854|1042 .2091| .0905| -.0912] -.0725| .6872| © 2204 O -.094% | ©
.6183] .1069| .2272| .0902] -.0857 -.0T21] .6270 0 2434 o} -.1038 0
6614 .1022] .2636| .087| -.0980 ] ~.071T| .6802 o] 2847 o} ~.1106 o]
.622g| 08761 .2622| .0932| -.1010 | ~.0Ti1] .6h25 o] 2746 0 -.1202 0
.518| .0862| .2355] .0883} -.1076 | -.0701| .5300 o] 25913 0 -a211{ ©
k871 .0866] .2210( .0877| -.1066 | ~.0604| .h563 0 25631 O -J209| ©
dagr| -08631 .2180 .0863| -.1023 | -.0683] .k300| O 29[ 0 -J195| ©
.3716] 0832} .203%| .08u5| -.0990 | -.067L} .3839f © .2321} © -167| ©
2979 .0787{ .1172| .082Lk[ -.0953 | -.0658( .3106 (o} .2059 o] -.1128 0
2453 .07h6| .1576| .0804| -.0906 | -.0646] .2585 o) 1866 © -.1108) o
.22021 .0707! .14&| .0783| -.0846 | -.0629] .235% 0 1761 (o} -.1037 s}
1084 | .0664] .1367| .0758] -.0792 | -.063k| .2132 o} .1662 (o} -.0991 0
.1632) .06231 .1206| .0728| -.0753 | ~.0598] .1771 ° .1488F o -.0950 o]
.1408| .0587} .1092]| .0696} -.0708 | -.0581} .1523 0 1362 0 -.0907] ©
1333 .0552( .10k5) 0669 -.0657 | -.0565} .1kg2| o© 1307 o | -.086 | o0
.1280] .0517) .0978{ .064k1| -.0611 | -.0548] .1h21| o d229) © -.0826] 0
069 .ohk8k! .0B70]| .0611| -.0572] -.0531| .1201] © 101} o | -.0t8:§ O
.08901 .0bs55| .0781| .0579) -.0531 | -.0513| .1022] © 0993 o | -0k | ©
.0836| .ou22]| .07%6] .0551| -.04B6 | -.0bok{ .0959] o .0931f © | --0699| ©
.0760| .0287| .0673{ .0522] -.0u46 | -.0476] 0885 o 082 o | -.0653 0
.0592] .0282} .0588| .olghk| -.0B15 { -.0k5T| 0715 © .07 o | -.0633| O
.olk&] 0325 .0512] .0466| ~.038L | -.0437} .0568{ o | .0851| ©O | -.0567| O
. .0k13] .0297] .oL78]| .0439] -.0346 | -.0418] ,05k2] o .0596] O | -.0526| O
.35| .0ko5| .0270] .okb7] .0B13| -.0327 | ~.0398] .0538} o o5k6] o | -.0488 | ©
Aol 0333 .0248] .0397] .0387] -.0295 | -.0378] .0L&6 0 .0h76 0 -.0450 0
51 0269 .0229( .0358] .0360( -.0274 | -.0358| .0k08| o .0h15 0 -.0b15 0
50| .0295] .0213{ .0349| .0337! -.024k9 | -.0338} .0k39} © 03871 0 -.03 0
1.55( .0332] .0196( .0339] .0315] -.0225 | -.0318] .0481| o© .0360 0 -.0335| ©
1.60| .0290| .0188| .030%| .0257| -.0209 { -.0299 | .Okk1 o] L0311 0 -.0327 0
1.65] .0224¢ .0180} .0268] .0270} -.0296 | -.0281| .0373 ) 0263 0 -.0302 0
1.70{ .0204| .0172} .o2kg| .o243| -.01L80 [ -.0262| .035k 0 .0235 o} -.0277 0
1.75| .0207| .0163| .0232] .0229] ~.0161 | -.02kk{ .0356| O 021k © -02581 0
1.8/ .0166{ .0155| .o201| .0212{ -.0146 | -.0226| .0308| © 0182 o -.0237 | ©
1.%5]) .010k] .0151] .0188| .0193| -.0133 | -.0210! .0262 o} .0151 0 -.0219 o
1.90| .0090| .01kh| .0152{ .0176{ -.0119 | ~.0193[ .0217 0 .0139 0 - .0202 Y
1.95| .0098| .0134| .0246] .0151] -.0101 | -.0177| .0228 o} 0139 0 -.0288 ) o
2.00| .oooh{ .0128] .0131| .0L4E| -.0087 | ~.0162] .0212 0 L 0125 o} -.0173 0
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Iu(i0q) '
TABLE III.- VALUES OF THE FUNCTIONS F, = -m—%“—%/; TpT‘;_"(i—q)' dq [ @u(B) cos g(p - &) dp
. n -0

FOR VARIOUS VALUES OF p, &, o, A¥D ¥

[Fm(c, ¥, 5, p) = ~Fy(o, ¥, -&, n)]

. 0= 0-’45 —
e ¥ - b5 ¥ = 30° U = 15° V-0
Fy F, Ty F, Fp Ty m T, rq L% £ ry
Pw0 _
-0.9}0.6738 [+) o 0.7678 0 0 0.5832 [+ 0 0.2511 0 0
c-.61 .5591 0 0 6266 0 o] 462 0 o] 4187 0 ¢]
B N 1 1 o) o} Lo11 0 o) 3483 o] 0 2973 0 0
L =21 .312k 0 0 2653 0 0 .2107 (s} (o} 1547 ° o
0 .15%6 [0} 0 1116 0 0 0582 o} 0 o 0 0
.2+ ~.0107 0 0 - .0hg3 0 0 -.09% 0 0 ~.1547 0 0
A -a7sh 0 0 - 0 0 -.2k57 0 0 -.2973 0 0
6] -.3253 o] o] -.34h9 0 o] -.3745 0 0 -.1187 o] 0
o 9| -.%072 0 0 -.5083 o} o { -.8197 0 o} -.5511 o} o
p=0.2 _
-0.9{0.67631 0.0418| 0.0019| 0.6341| 0.044L| 0.0023] 0.5912 | 0.0453| 0.0025| 0.5547{ 0.0kk2] 0.0029
-.6] .5537] .0396| .0031] .5155] .0398} .0028] .65 0h39 0 h2o2| .0353
- Lh513) L0346 I B R o B .3508| .0336 0 3002| .0 0011
B I I B 3390] .0303 0 | =mmeem | =-- ren| cocean] cceea | mamcne] cmocna
-2 3149 | L0267 0 | =rmume| comeen| e 2128 .o221 0 564 .0149 0
| —meren | mrmmne | cmmeae Jdo17] L0185 0 B Ll T B B m| memee | mommee
o] A57L1 L0167 0 1127| .0126 o] 0587 | .0082 0 0 o 0
b e I T el REEE TP 0316 .0062 0 | =emmmm | cmomme - - “ | mme—-
21}-.0113{ .0033 0 | memmaef mowcme] —emnme ~.0991 | - .006k ¢ | -.156k] -.01k0 o
3| memmm f e | e -.1306| -.0077 L I B el et kel R B
A -a779 | -.0069 o J [RFRN JY [ — -.2491 | ~.0207 0o | -.3002{-.028} -.0011
6|-.3199 | -.0170{ -.0031 ] -.3482] -.0234]| -.0028] -.3780 | -.033% 0 -.bez2t -.0353 0
r .9 {-.5110 | -.0280| -.0019 | -.5166 | -.0354| -.0023| -.5268 | -.0k03 | -.0025 | -.5547 | -.0kk2 | -.0029
-y
-.7
-6
-5
-
~-.3
-.2
-1
0
.1
.2
s
A4
5
.6
7
9
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TABLE ITI.- VALUES OF THE YUNCTIONS Fp - Continued

¢ = 0.90
¥ w50 v = 30° ¥ - 15° ¥ 0°
£
By Fp Fy Y ¥, Fy L Ty Fy T T Fy
p=O
-0.9 | 0.6128 0 0 0.5271 0 0 0.4659 0 0 0.ko76 o} [0}
~-.61 .5646 o] 0 L4725 0 0 3957 0 Q 3157 o] 0
-~k 5019 0 0 .40g0 0 o .3206 0 0 2267 o o]
-.2] ke V] 0 321k 0 0 2208 0 0 1162 (o} 0
0 .3008 o} 0 .2117 0 o .1078 0 o} 0 0 0
.21 .1697 0 o} .088% 0 o | -.01k6 0 0 -.1162 0 o}
.h | 0270 0 0 -.0k03 L} 0 -.13k0 0 0 | -.2267 0 (o}
61-.1133 0 ) -.1620 0 0 -.2397 s} o |-.3157 0 0
.9 | ~.2970 0 o} -.3110 0 0 -.35%9 0 0 -.ho76 0 0
p= 0.2
-0.9 | 0.6186 {0.050% | 0.0068] 0.5325 | 0.0567 | 0.007k | 0.5710 | 0.0507 | 0.0064 o.lu.gg 0.0451 | 0.0016
-.6] 56761 067TT| 0105 .4756) .0652) .0112| .39881 .o5h2| .0087) .3 ok12 | .00kR
-4 5057 | .0TA7| .0086 3268 ) .o517) .00TL] .2293 0319 | .00LO
-3 - 3708 .0661 0092 -
-.2] .M69 ! .0702) 0090} w=-cmn | cmmmmn |iommeen 2250 | .0k28] .0062| .1178 | .o176| .0020
-a]- 2708 | .0622| .0089[ -=-cem | womeea -
o] 3033 0536 .0090 2139 0532 0091 1088 0289 0051 0 o] 0
L] emmmen [ | cmeea 1520 | .ok32| .0089 el et Rl R
2| 1705 | .051% | .0090| ~—me=v ] amcee- ~—-e-et-.0154 | L0113 .0031{-.1278{-.0176 | ~.0020
R | = | mmmeee —— 023k 02f6| .0067] - B el Rl R — ] ———
Li 0270 039 | .006k | —-cees| —omaem emeeee | -.1395 | -.006L} .0005 | -.2201 | -.0319 | -.00L0
6}-.1150 | -.0159]| .0071| -.1644| .0008| .0060} -.2u26|-.0211| .0007|-.3183]-.0k12 |-.00k8
9f-.204k|-.0079| .0024]-.3177)-.0200} .0020{ -.364g{-.0328| -.0030 | -.k136 | -.0b51 | -.0016

[ S T B R A & ]
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:
TABLE III.- VALUES OF THE FUNCTIONS F, - Continued
C= 0.)4-5
¥ = 450 ¥ = 30° Y= 15° ¥ = 0°
3
Fy F, Fy r, F, Fy P, F, Py Fy Fp Fy
p=0.7
-0.9(0.7115{0.249310.0314 [0 .6659] 0.1576 [0 .0305| ~=====|======|=m=me=| mcmmefommannammnnn
I B T T B e e i bl bt Rt td L L BT L L R L
I R R R R EEEEEE 5576| .1519| .0434]|0.5061[0.1583|0. 0488 —r-cuulmnann]manan
-.51 5537 1417 .0333|--=--=|=c-wws|mmmmmn] oo [ e e e 0.4038{0.1322{0.0k11
R R et Lttt Lik7l 1350 .OUOS|-mwmmw]amaccefamcmmc e mem e | e
O] L e e e B e Rttt 3179| .1143) .0377|------}--=m-cjomnem-
Y- ) R EE L 2977 .1008| 0318} ------f--eesnfonnan~ .1769| 0618 .020k4
T L e L E i R P BT ok ek B L EELE LR R L L L EEELL
o | .1781| .0863] .0189] .1252] .0531} .0198 53| .0334| .0127] © 0 0
N e R R e Rl Retantutl ERn -.0246{ .0030| .0035|=--=-==|===s==}jo-m-m-
= T R -.05851 -.0033] 0046 -=ccem|mcmanfoannnn -.1769} - .0618} - .0204 N
] e R R i Ebiehd bbbl Rttt - .1997| = O5TT| = .0156] === | =m=smimmemmn
R L il ettt ettt -.2343} - .0580]- .0108| ~~ o=~ | mmmmmn | mmmmma fmema o | —eeaee jmm==m-
51~ .0866{ - .0487| ~.0075[-===mm|=mmmmu|mmcmaefmcancn | cmmean [eomaan -.4038) - .1322¢ - .0k11 -
N R R et LD LD -.3872| ~.1016]-.0218} - .4159| - .1252 | - .032T | ======| mom=mmimommnn
1= 83711 - .0855] - 0151 | cmmamn]cmmmmm e [ e femme e e f e [ e e
.9}-.5537]~-.1097| -.0207}- .5540] - .1350| ~ .0308] ~-=--=|~-mccnfmmmcac] cmmna e oo
p= 0.9
-—-....—I..‘.- e - - - —m =
R R R Rl it Dtuet Dt 0.5859{0.2225{0.0835] ~=mnmn| =m=mon | =mmens
N - ST B P 0.590510.204R[0.0739) ~=mmun|-commaf e e mcreea | cme e e
T 3 T e B el it ol ittt Etid Eattd EEEet] LTS 0.4367/0.1853/0.0736
-.4jo.5273(0.1712|0.05k9 4778 .198| .0734| .be2h| .1886] .0700|--sene|mmmenjommna
-] B E e e e 3231) .144o| .0600{ .2613| .1295| .0571| .1951) .089E| .0387
0 | .188¢| .0930] .0339] .1363| .OoTT0| .0364] .0711] .0kB5) .o2L2 0 o o] -
] B R L e -.06kg .0062}-.1270{ - .0421 |- .0L38] - .10951 | - .08G8| - .03°7
U )-.2206] - .0431) - .0069] - 2581} -.0852] - .0216] - . 3064 | - .1210| ~ .Obbl ) wmmomc o mmmmm e
Y B g Bty EEET T PR Ty EE T Pt R R -.4367]-.1853]-.0756 -
NI ELEEET EESEETS R R - 4201 - . 1463 - 081G e e [ m e [ e f e e e e e - =
B e et T B e R e -.5082|-.1939(-.0679} ~====-{mmmmmm | -mmmmn
b - — ' -
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TABLE III.- VALUES OF THE FUNTIONS Fp - Comcluded
¢ = 0.90
¥ = b5° ¥ = 30° ¥ = 15° 4 = O°
k3
Fy Fo Fy Py Fp Fq ¥ Fp Fy Fy Fp Fs
p= 0.7
-0.9}0.6424}0.2110{0.0635]0.5547]0.2017|0.0652] == ==e= | ~=mmme [commm fommmoo foomeon foo e
-7} .62u0] .2360] .0798f--mmec|omecenfmmeanfemrae f s fevmace fea e e s feon e
) R R ] EEEL e .5092| .2367) .0962]0.4339{0.22420.0870 f-~m=en lmmcmmnlomanmm
.51 .5784] .2561] .0990[~=-==c]weemen|mcccnclacccaclamacan farane- 0.3112{0.1510 [0.0682
RSN CE R RS R T L4861 .2507] 1192]-e-cecjrmmmre|crmcac [rrmnma|rmncra frnena-
] B B e B R it Ritaend Rttty .3105) .1911} .1018f-v-~=-]mcmeacjoosons
R R EEEEEEY PR .3589| .2k35] .1339}-----=}emecam]omooee 1390| .oth2} .0376
s N e B B ] et ROt 1906} .ak75) .0898)-mmcmn{acccan fucanae
0 3334] .2h36] .1304] .2389] .2089) .1307) .122k| .115%] .076% o] o] o]
B T Rl o R Rl L 0512} .0785| .0588)--mc-rlacacen|aemmam
7Y [ESUNRENS PR PR .0964| .1463] .2050|--=c-=|-cccac|omanm- -.1390|~.0742|-.0376
B R R Kl el Angried Rttey -.0919| .0008| .0185]-----~{~=me=m|-m=n
R e Ed e EE s -.0534] 0662 .0643)-cmccr]icmccaenmmaclicemn lmn e oo
si-.0588] .0011| .070u|-~-cc-lommmmafecoc el e e e f e -.3112}-.1510|-.0682
] Rl St Rt -.1926|-.0117{ .0213|~.2745|-.0TLT|-.0306|-----=|~m==m={-um===
I TR0- 1o 'Y IS Ly 4 G U 1 'Y PRGNS PUVRRG, PRI Sy P ooy e PEEEEES XLty
.9}-.3413]-.0480] ~ .0003] - .3522] - .0903}| - .0205 | emamac |-ccocm joememn Jommmmn [ eenn e oo
p=0.9
-o.z "é-ié --------- 1-;" o.ssaaé 0.2956 0.1322 0.48670.2619 01279 |=====~|======|=~-=="
-.610. 0.3220{0.% . .3132) 1588 fcccc-jeccces |mmmmae femre e e e
-5 --.E..- --? ....... ?Z ..-??_- --?-3- -...2 .................. é; 0.3408(0.2160{0.127T
-4 5759] .3488| .180] .b781| .3392] .2032) .386| .2822| .1785|--~-=-|--=--=|--727C
-.2 ----éi ““5- --;;g 26 2 .3382 .236§ 2782 2219 .1%5 .1260 1.2;03 -0333
Y 35 3363) - L2611) 2034} .2356] .1256) .16kT7| .1405
ﬁ ---------- o ;é 3252 .acam i i -.oggg 8203 .ossg -.1560| -.1103|~.0733
5l B I7h1} 1556)-. 0831 .10801]-.1800]-.0622]-.0124)-=-=~c}-em=emfommm=
ot Wiz M Mo W 50 Fndican Wit e Wi Kt DOV IPEPY) NPt
6|-.1518] .0602] .0812|-.2157|-.0309] 025k {-mmaanlmcmacfmmmmec fameann [ [em oo
R R ] it b -.2827|-.0770{~ .0081}- .3542|~ .1658}- .0780 |-~~~ |-~-=== |-~~~
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